


Some of these complementary slides comes from the preliminary slides of a series of 3
talks introducing alternative tableaux given in Bordeaux at the combinatorial “groupe de
travail”, 1, 8, 15 February 2008. Other slides has been added later, following some
electronic communications with L. Williams and oral discussions with P. Nadeau and
Olivier Bernardi at ESI in Vienna. Many thanks to Olivier and Lauren and particularly to
Philippe.

In particular we give the main ideas which are behind the proof of the fact that the two
bijections between alternative tableaux and permutations given by the “exchange-delete”
algorithm and by the “local rules” (derived from a representation of the operators D, E with
commutation relation DE = ED + E + D), are the same, up to a change of the permutation
into its inverse.

P. Nadeau notice that , the (first) bijection described by him and S.Corteel (to be
published in Electronic J. of Combinatorics) between permutation tableaux and
permutations, is equivalent to a “column insertion” in the algorithm presented here with
“local rules”, up to transforming permutation tableaux into alternating tableaux and taking
complements mirror image of the permutation constructed by “local rules” (which is the
inverse of the permutation used in the “exchange-delete” algorithm).

The bijection presented at Tienjin FPSAC’07 between binary trees and “Catalan
permutation tableaux”, once rewritten in term in terms of “Catalan alternating

tableaux” (which is immediate to do), can be viewed as a particular case of the inverse of
the “exchange-fusion” algorithm.
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Description of the “exchange-fusion” algorithm

In the “exchange-fusion” algorithm, the red and blue blocks are falling down, starting at
the beginning where all the blocks have only one letter. Each blocks is formed of
consecutive letters.

- When two blocks meet at the crossing of a blue and red thread, if the union of the
two blocks is formed with consecutive letters, then the two blocks form a single block
by concatenation, and the new block follows the thread of the block having the biggest
letters.

- If not, then the two blocks cross and follow their own colored thread.

The proof of the fact that the two algorithms “exchange-delete” and “exchange-fusion”
produce exactly the same alternating tableau is based on the following observation:

(key) observation

In the “exchange-delete” algorithm, when a blue or a red dot is put on a crossing, that is
when the two values x and y which are going to cross are “consecutive”, then all the
intermediate values between x and y (which have disappeared) belong to one of the
corresponding blocks in the analog crossing which will appears in the “exchange-fusion”
algorithm.

A consequence of that is to give an interpretation of the number of red or blue blocks
falling on the ground level, that is the number of columns having no red cells and
numbers of rows having no blue cells. We call such row or column “open”.







The maximum letter of the blocks of letters reaching the ground level are:

- for the columns of T (red threads), the left-to-right maximum elements of the values of
the permutation s less than the last letter s(n+1),

- for the rows of T (blue threads), the right-to-left maximum elements of the values of
the permutation s bigger than the last letter

(3 proofs comming 3 different methodologies: by P. Nadeau , O.Bernardi and xgv)

This gives an interpretation of the two parameters on alternative tableaux:
- number of “open” columns (i.e. columns without a red cell)
- number of “open” rows (i.e. rows without a blue cell)

and recover previous results of S.Corteel, P. Nadeau and L. Williams about the double
distribution of permutation tableaux according to the “number of unrestricted rows” and
“number of 1’s in the first row”.

In fact, each block falling on the ground level in the “exchange-fusion” algorithm
(corresponding to an open column or row), has an underlying binary tree structure
coming from the different fusions (or equivalently the deletions of the “exchange-delete”
algorithm) (see a forthcoming paper of P. Nadeau on “alternative trees” and alternative
tableaux). In the case of “Catalan alternative tableaux”, these trees are simply related to
the binary trees obtained by the bijection | presented in the paper for the Tienjin
FPSAC’07.
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Number of “crossings” in the alternative tableaux

This parameter is the number of crossing occurring in the “exchange-delete”, or
equivalently of the “exchange-fusion” algorithm.Each crossing corresponds to a cell in
the alternative tableau (colored ) which is above a red cell and at the right of a blue
cell. It has the same distribution as the parameter “number of occurrences of the
pattern (31-2)” in permutations. (from the bijection of S. Corteel and P. Nadeau or
from Steingrimsson and Williams)

This parameter is the natural g-analogue of Laguerre histories, that is the parameter

obtained by taking the sum of all the “possibilities choices decreased by one”. In other
words, if at each step 1, 2, ..., X, ..., n+1, of the construction of the permutation, the (k
+1) free positions available to insert the value x are labeled (in a certain way) 0, 1, ...,

k, then we put the weight q1 when value x is inserted at position i, and the weight of

the Laguerre history is the product of the weight of each individual step. If the labeling
is always from left to right, then the g-analogue becomes the number of occurrence of
(31-2). (see the next section).




The number of crossings of the alternative tableau has been be characterized by
O.Bernardi on the corresponding permutation s.

It is the number of pairs (x,y), x=s(i), y=s(j),1= i<jsn+1,

such that there exist two integers k, I= 0 such that:

the set of the values x+1, x+2, ..., x+k, y+1, .., y+| are located between x and y (in
the word s), and x+k+1 is located (in s) at the right of y and y+I/+1 is located (in s)
at the left of x (with the convention of n+2 at the left of all the values).

O.B. deduce the nice corollary:
The permutations s coming from tableaux with no crossing (counted by Catalan
numbers) are characterised by the following condition

there is no pair of values (x, y) such that the four values (x,x+1,y,y+1) appear in
the following order in the permutation:
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“g-analogue” of Laguerre histories
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Recall the 8 “commutations diagram”
corresponding to the 8 possible rewritings rules

AS

=SA+JT + K










Grouping
the
“‘commutation
diagrams” ...




. in order to give simple description of the
“propagation” (the green line) of “local rules”.
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The bijection presented at Tienjin FPSAC’07 between binary trees and “Catalan
permutation tableaux”, once rewritten in term in terms of “Catalan alternating

tableaux” (which is immediate to do), can be viewed as a particular case of the inverse of
the “exchange-fusion” algorithm.

This “binary tree sliding algorithm” can be extended to permutations and gives a
bijection between alternative tableaux and a new kind of binary trees introduced by P.
Nadeau in his forthcoming paper under the name of “alternative binary tree”
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Data structure histories
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Primitive operations
for “dictionnaries” data structure:
add or delete any elements, asking questions
(with positive or negative answer)
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for more details on the two kind of Laguerre histories,

see the slides of “petite ecole de combinatoire”, LaBRI, 2006/07
on combinatorics of orthogonal polynomials, or the Lecture Notes,
LACIM, UQAM, Montréal, 1984 (on website xgv)
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“enlarged Laguerre histories”
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