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The inverse  
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“Genocchi  shape”  of  a permutation



Angelo  Genocchi
1817 - 1889

Genocchi
numbers

alternating  shape
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Brak, Essam (2003),  Duchi, Schaeffer, (2004), 
 Angel (2005),    xgv, (2007)
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Corteel, Williams  (2006)
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M. Josuat-Vergès  (2007)
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Corteel,  Williams  (2006)



From  algebra  DE = ED + D + E
to  bijections

UD = DU + I

RSK  correspondence

Combinatorial theory 
of orthogonal polynomials
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combinatorial “representation” of the 
commutation relation  UD = DU + I



RSK   with
Fomin’s 

“local rules”

Sergey  Fomin
(with C. K.)

UD = q DU + I
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   local  RSK  and  geometric RSK 

(the geometric construction with  “light” and “shadow” for RSK
leads to a simple proof of the fact that RSK and the “local rules”

give the same bijection)
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• 
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• 
 Knuth equivalence, jeu de taquin, and the Littlewood-Richardson rule (30 pages)
Appendix 1 to Chapter 7 in: R.P.Stanley, Enumerative Combinatorics, vol.2, 
Cambridge University Press, 1999. 

Richard P. Stanley
 -  Differential posets, J. Amer. Math. Soc.  1 (1988), 919-961.
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Christian Krattenthaler
 - Growth  diagram and increasing and decreasing chains in filling of Ferrers shapes, arXiv math.CO/0510676

Xavier Gérard Viennot
- Une forme géométrique de la correspondance de Robinson-Schensted, in “Combinatoire et Représentation  du
groupe symétrique” (D. Foata ed.) Lecture Notes in Mathematics n° 579, pp 29-68, 1976

Marc van Leeuwen

• 
  The Robinson-Schensted and Schützenberger algorithms,  an elementary approach 
 (a 272 Kb dvi file)  Electronic Journal of  Combinatorics,  Foata  Festschrift,  Vol  3(no.2), R15 (1996)

Guoniu Han
http://math.u-strasbg.fr/~guoniu/software/rsk/index.html
Autour de la correspondance de Robinson-Schensted
 Exposé au SLC 52 et LascouxFest, 29/03/2004
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Bijection     Laguerre  histories
permutations

Françon-xgv.,  1978





 parameter  “q-Laguerre”



“q-analogue”  of  Laguerre  histories

Laguerre  history

permutation
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Representation  of  the  
operators   D  and  E

“Data  structure histories”  

and









Data structure histories



Primitive operations 
for “dictionnaries” data structure:

add or delete any elements, asking questions 
(with positive or negative answer)



number of choices for each
primitive operations



this corresponds to the  n!
“restricted Laguerre histories”

this valuation corresponds to the  (n+1)!
“enlarged Laguerre histories”



§ 9  another 
bijection

permutations
alternative
tableaux







416978352



416978352

   1   
   1   2

   1   3   2
41   3   2
41   352

416   352
416   7   352
416    78352

      



A

K

A

S

S
J A

S

416978352

   1   
   1   2

   1   3   2
41   3   2
41   352

416   352
416   7   352
416    78352

   
1

2

   

3
4

416978352

5

6 7
8



A

K

A

S

S
J A

S

K

A



A

K

A

S

S
J A

S

K

A

A
S



A

K

A

S

S
J A

S

K

A

A
S

J
I



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I

K
J



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I

K
J

K

I



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I

K
J

K

I

K

J



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I

K
J

K

I

K

J

K

I



A

K

A

S

S
J A

S

K

A

A
S

J
I

K
I

K
J

K

I

K

J

K

I

K

J



416978352



inverse  bijection

















Two  bijections
one  theorem





3
4

2

6

5

1

9 10

1 2 3 4  5  6   7  8 9 10 11
6 1 7 9 10 11 8  5  3 4  2 = S

7
8



P. Nadeau notice that , the (first) bijection described by him and S.Corteel  (published in 
European J. of Combinatorics) between permutation tableaux and permutations, is 
equivalent to a “column insertion” in the algorithm presented here with “local rules”, up to 
transforming permutation tableaux into alternating tableaux and taking complements 
mirror image of the permutation constructed by  “local rules” (which is the inverse of the 
permutation used in the “exchange-delete” algorithm).
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 The  “exchange-fusion”  algorithm

An  alternative  description  of  the  bijection
alternative tableaux -- permutations
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Description of the “exchange-fusion” algorithm

In  the “exchange-fusion” algorithm, the red and blue blocks are falling down, starting at 
the beginning where all the blocks have only one letter. Each blocks is formed of 
consecutive letters. 

-  When two blocks meet at the crossing of a blue and red thread, if the union of the 
two blocks is formed with consecutive letters, then the two blocks form a single block 
by concatenation, and the new block follows the thread of the block having the biggest 
letters.  
-  If not, then the two blocks cross and follow their own colored thread.

The proof of the fact that the two algorithms “exchange-delete” and “exchange-fusion” 
produce exactly the same alternating tableau is based on the following observation:

(key) observation
In the “exchange-delete” algorithm, when a blue or a red dot is put on a crossing, that is 
when the two values x  and  y  which are going to cross are “consecutive”, then all the 
intermediate values between  x  and  y  (which have disappeared) belong to one of the 
corresponding blocks in the analog crossing which will appears in the “exchange-fusion” 
algorithm.

A consequence of that is to give an interpretation of the number of red or blue blocks 
falling on the ground level, that is the number of columns having no red cells and 
numbers of rows having no blue cells. We call such row or column “open”.



 Some  Parameters 



The maximum letter of the blocks of letters reaching the ground level are:

-  for the columns of  T  (red threads), the left-to-right maximum elements of the values of  
the permutation  s   less than the last letter  s(n+1),
- for the  rows of  T  (blue threads), the right-to-left maximum elements of the values of  
the permutation  s  bigger than the last letter
(3 proofs comming 3 different methodologies: by P. Nadeau , O.Bernardi and xgv)

This gives an interpretation of the two parameters on alternative tableaux:
- number of “open” columns (i.e.  columns without a red cell)
- number of “open” rows (i.e. rows without a blue cell)

In fact, each block falling on the ground level in the “exchange-fusion” algorithm 
(corresponding to an open column or row), has an underlying binary tree structure 
coming from the different fusions (or equivalently the deletions of the “exchange-delete” 
algorithm) 

 (see a forthcoming paper of P. Nadeau on “alternative trees” and alternative tableaux).  



Number of “crossings” in the alternative tableaux

This parameter is the number of crossing occurring in the “exchange-delete”, or 
equivalently of the “exchange-fusion” algorithm.Each crossing corresponds to a cell in 
the alternative tableau (colored        ) which is above a red cell and at the right of a blue 
cell.  It has the same distribution as the parameter “number of occurrences of the 
pattern   (31-2)” in permutations. (from the bijection of S. Corteel and P. Nadeau or 
from Steingrimsson and Williams)

This parameter is the natural q-analogue of Laguerre histories, that is the parameter 
obtained by taking the sum of all the “possibilities choices decreased by one”. In other 
words, if at each step 1, 2, ..., x, ... , n+1,  of the construction of the permutation, the (k
+1) free positions available to insert the value  x  are labeled (in a certain way) 0, 1, ..., 
k, then we put the weight  q  when value  x  is inserted at position  i , and the weight of 
the Laguerre history is the product of the weight of each individual step.  If the labeling 
is always from left to right, then the q-analogue becomes the number of occurrence of 
(31-2). (see the next section).

i



The number of crossings of the alternative tableau has been  be characterized by 
O.Bernardi on the corresponding permutation s. 

It is the number of pairs (x,y),  x=s(i), y=s(j),1≤ i<j≤n+1, 
 such that there exist two integers k, l≥ 0  such that:
the set of the values x+1, x+2, ..., x+k, y+1, .., y+l are located between x and y (in 
the word s), and x+k+1 is located (in s) at the right of y and y+l+1 is located (in s) 
at the left of x (with the convention of n+2 at the left of all the values).

s =   ....  y+1 .....  x .....    y ....     x+1 ......

O.B. deduce the nice corollary:
The permutations  s  coming from tableaux with no crossing (counted by Catalan 
numbers) are characterised by the following condition

there is no pair of values (x, y) such that the four values (x,x+1,y,y+1) appear in the 
following order in the permutation:
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Une  lettre  d’Euler
à Christian  Goldbach ....

Berlin, 4  Septembre  1751

















Journées  Pierre  Leroux
Montréal, UQAM, 8-9 Septembre 2006



  the “binary trees sliding” algorithm
 Catalan  tableaux           binary  trees

(described in term of permutation tableaux)

in  Proc. FPSAC’07, Tienjin











































The bijection presented at Tienjin FPSAC’07 between binary trees and “Catalan 
permutation tableaux”, once rewritten in term in terms of “Catalan alternating 
tableaux” (which is immediate to do), can be viewed as a particular case of the inverse of 
the “exchange-fusion” algorithm.

This “binary tree sliding algorithm”  can be extended to permutations and gives a 
bijection  between alternative tableaux and a new kind of binary trees introduced by P. 
Nadeau in his forthcoming paper under the name of “alternative binary tree”

P. Nadeau    “alternative binary tree”
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“increasing 
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associated
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Alernating sign matrices:  at the crossroads 
of  algebra, combinatorics and physics", 

colloquium  au CMUC (Centro de Matematica da 
Universidade do Coimbra), Portugal,
 26 Sept 2008, 17 h   







B
A

“planar” 
proof:



B

A

A’
B’B

A

B’

A’ A’
B’

A

B

A

B
A’

B’
A A’

B

+

+

B’

“planarisation”  of  the  “rewriting  rules”



B
A



B
A



B
A



B
A



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’



B
A

A’

B’





B
A

A’

B’



8- parameters  quadratic  algebra
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Conclusion:  In this talk I have presented a sort of 

“cellular  ansatz”
- Some  (formal) operators  satisfying   some   commutation   relations  are given and 
generate a certain quadratic algebra.

- The computations in this algebra  are made by some (oriented) rewriting rules which are 
visualized in a planar way on a (square) elementary cell of a grid. May be the operator identity  
I  has to be introduced as another formal operator.

- The rewriting of a word of the algebra is visualized by a kind of a 2D cellular oriented 
expansion. The edges of the grid are labeled by the operators, the cells are labeled by each 
of the possible rewriting rules.

- The grid with the final labeling of the cells is in bijection with a class P of combinatorial 
objects  ( Permutations, Alernative tableaux, ASM, FPL, Tilings, etc ...).

- If the operators can be represented as combinatorial operators acting on a certain class  F  
of combinatorial objects, then a simple combinatorial explanation of the commutation rules 
can be “attached” to each labeled cell of the grid. The vertices of the grid becomes labeled by 
the objects of F and “local rules” should be defined. In the case (as in the two examples of 
RSK and Alternating tableaux) when only the labels of the cells, and not those of the edges,  
are needed for defining the local rules, then from the cellular propagation of these local rules 
across the grid, one obtain a bijection between the objects of P and some other objects coded 
by the sequence of the F-labels on the border of the grid.
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(with P. Nadeau)
another representation of operators D and E
with  triangulations of regular polygons

hypercube --  associahedron --  permutohedron
( Loday-Ronco )

--  alternohedron
(Lascoux-Schützenberger )

Razumov-Stroganov  conjecture

spin chain  Heisenberg XXZ model





Askey-Wilson



Novelli, Thibon, Williams  (April 2008)

Hall-Littlewood  functions,  Tevlin’ bases  (2007)

conjectures
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