
Erwin  Schrödinger  Institute
Vienna, 20  May  2008

xavier  viennot
 LaBRI, CNRS 

Université  Bordeaux 1

An  alternative  approach
to

alternating  sign  matrices







§1  Four  operators  A, A’, B, B’  

§2 Heisenberg  operators  U, D

§3  representation  of operators U, D  and “local rules” for RSK

§4  FPL  and   operators    A, A, B, B

§5   FPL, Temperley-Lieb  algebra, heaps of  dimers
inspiration  from  some papers  ?

§6  operators   for the   PASEP   
Bijection  Laguerre  histories permutations

xgv  website 

local  RSK  and  geometric RSK 

Temperley-Lieb algebra “contraction” of  heaps  of  dimers

Complements:

Supplement:   §7 Other examples of the “cellular ansatz”

Conclusion:  the  “cellular  ansatz”



Islande hiver 02   xgv

§1  Four  
operators
A, A’, B, B’  
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§2 
Heisenberg
operators

U, D

UD = q DU + I



+

“planarisation”  of  the  “rewriting  rules”
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§3  
representation

of 
operators U, D

and
“local rules”

 for RSK

Robinson-Schensted-Knuth  correspondence



The  Robinson-Schensted  correspondence  between  permutations  and 
pair of (standard) Young tableaux with the same shape



Operators  U  and   D
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a Ferrers
diagram



Heisenberg  commutation  relation
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combinatorial “representation” of the 
commutation relation  UD = DU + I



RSK   with
Fomin’s 

“local rules”

Sergey  Fomin
(with C. K.)
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§4  FPL
and

operators
A, A, B, B

“Fully  packed   loop  configurations”



The
bijection

AMS
FPL



The
6-vertex
model









FPL
“Fully

Packed
Loop”

configuration



dual
FPL
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§5   FPL,
Temperley-

Lieb  algebra,
heaps

of  dimers



From  FPL  to  “decorated” 
heaps  of  dimers   with   threads
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 “decorated  
heaps of 
dimers” 

in bijection
with FPL





From  
“decorated  
heaps of 

dimers” to 
element of 

the
Temperley-

Lieb algebra



an element of the Temperley-Lieb algebra 



“big dimers”  and  small  “dimers”
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inspiration
from

some papers  ?



Combinatorial  representation
of operators     A, A’, B, B’   ?
or   operators   A, A, B, B  ?

















de Gier, 
Essler
(2005)



§6
operators

for the
PASEP   

IIT Mumbai, Inde 02   xgv DE = q ED + E + D



this  section  §6  “Operators for the PASEP” is  a  summary  
of  parts of the   talk  given  at  the  Isaac  Newton  Institute
on 23  April  2008  on
“Alternative tableaux, permutations and asymmetric 
exclusion process”

for  more  details  see  the  slides  or  the  video
 http://www.newton.cam.ac.uk/     (page  “web seminar”











q=0 TASEP



w(E,D) =  D D E D E E D E

D DE (D E) E D E

DDE(E)EDE DDE(D)EDEDDE(ED)EDE+ +

“profile”  w(E,D)

rewriting rules

commutation relation
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alternative  tableau

Ferrers  diagram
(= Young  diagram)

with some colored cells  
blue or red



n = 12

alternative  tableau

no colored cell 
at the left of a blue cell

or below a red cell



from:

suppose there exist “formal symbols” D, E, V, W, such that

we  get:

“matrix ansatz”



we  get immediately:

Another equivalent interpretation has been given by S.Corteel and L.Williams in term of 
“permutations tableaux”(2006). For more details see  §5  of  the slides ot the talk given 
23 April 2008 at the Isaac Newton Institute and references therein.

called “free” row
or  column



n = 12

alternative  tableau
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Bijection  
Laguerre  histories

permutations

Françon-xgv.,  1978
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The  “local  rules”
give a bijection

between permutations 
and alternative tableaux



some  other operators on chord diagrams

?



Askey-Wilson  polynomials

Orthogonal polynomials are behind operators and the story of 
PASEP, ASM and Alternating Tableaux





Colomo, Pronco,  (2004)

ASM
1-, 2-, 3- enumeration     A (x)

n

Hankel  determinants

(continuous) Hahn,  Meixner-Pollaczek,  
(continuous) dual Hahn     orthogonal  polynomials

Ismail, Lin, Roan  (2004)   
XXZ  spin chains  and  Askey-Wilson operator



Conclusion

“The cellular  ansatz”

from the “matrix ansatz” to the : 



Conclusion:  In this talk I have presented a sort of 
“cellular  ansatz”

- Some  (formal) operators  satisfying   some   commutation   relations  are given and 
generate a certain quadratic algebra.

- The computations in this algebra  are made by some (oriented) rewriting rules which are 
visualized in a planar way on a (square) elementary cell of a grid. May be the operator 
identity  I  has to be introduced as another formal operator.

- The rewriting of a word of the algebra is visualized by a kind of a 2D cellular oriented 
expansion. The edges of the grid are labeled by the operators, the cells are labeled by each 
of the possible rewriting rules.

- The grid with the final labeling of the cells is in bijection with a class P of combinatorial 
objects  ( Permutations, Alernative tableaux, ASM, FPL, Tilings, etc ...).

- If the operators can be represented as combinatorial operators acting on a certain class  F  
of combinatorial objects, then a simple combinatorial explanation of the commutation rules 
can be “attached” to each labeled cell of the grid. The vertices of the grid becomes labeled 
by the objects of F and “local rules” should be defined. In the case (as in the two examples 
of RSK and Alternating tableaux) when only the labels of the cells, and not those of the 
edges,  are needed for defining the local rules, then from the cellular propagation of these 
local rules across the grid, one obtain a bijection between the objects of P and some other 
objects coded by the sequence of the F-labels on the border of the grid.
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This  section  has  been  added  after  the  talk. Many thanks to 
conversations with P. Di Francesco and P. Nadeau.
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Operators  for  non-crossing 
configuration of paths

(square lattice)



example:  binomial  determinant
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“rewriting  rules”  for  non-crossing  paths  (square lattice)“rewriting  rules”  for  non-crossing  paths  (square lattice)
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“rewriting  rules”  for  non-crossing  paths  (square lattice)

B

B
A

A’
A
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0



B A’ = A’ B + A B’

operators and commutations  for  non-crossing  paths 
 (square lattice)

B’ A = A B’ + A’ B
BA = AB B’ A’ = 0

equivalently, exchanging  A  and  A’ , it can be rewrittten as :

B A = A B + A’ B’
B’ A’ = A’ B’ + A B
B A’ = A’ B B’ A = 0
compare with the commutations with ASM or FPL !



example:  binomial  determinant

(       )2, 3, 5, 7
1, 2, 4, 5 The binomial determinant 

 
is equal to the coefficient of the word

A A A’ A’ A A’ A A’ A B B B B B B B B B

when rewriting the word

B A B’ A B’A B A B’ A B’ A B A B A B A

acording to the rewriting rules of the non-
crossing configuration of paths (square lattice)

0   1   2   3   4   5   6   7    8

0        1       2        3      4         5        6       7       8



another example:
Hankel  determinant 

of moments 
of orthogonal polynomials



Operators for configurations
 of osculating  paths

(square lattice)
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“rewriting  rules”  for  osculating  paths  (square lattice)

B

B
A A’

A

B’

B’

A’



B A’ = A’ B + A B’
B’ A = A B’ + A’ B
BA = AB B’ A’ = A’ B’

operators and commutations for  osculating  paths  (square lattice)

equivalently, exchanging  A  and  A’ , it can be rewrittten as :

B A = A B + A’ B’
B’ A’ = A’ B’ + A B
B A’ = A’ B B’ A = A B’

same as for  ASM  (which are in bijection with configurations of 
osculating paths on a square grid)



Opertors for dimers  tiling
(square  lattice)



a tiling 
on the

 square lattice



B

A’

A
B’

coding of the edges  
for  tilings 

on the square lattice

2 type of tiles

border of a tile

inside a tile
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B’

0

+A’
B

A

B’

A A

B

B
A

BB’
A’

“rewriting  rules”  for  tilings  (square lattice)



operators and commutations  for  tilings  (square lattice)

B A = A’ B + A B’

B’ A = A B  
B A’ = A B 

B’ A’ = 0



example:
Aztec
tiling  

exercise:
express in term

of words in operators
the well known
formula for the 

number of tilings
of the Aztec diamond



Operators  for  tilings 
of  the  triangular  lattice

After the talk,  P.  Di  Francesco’s  gave  a construction of four  
operators for the classical tilings of the triangular lattice  coding 
the TSSCPP and DPP (totally symmetric self-complementary 
plane partitions and descending plane partitions).
Here is a presentation of these operators.



Operators and  commutations  for tilings of the  triangular lattice

 (same as for ASM but with B’A’           A’B’ missing !): 
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“rewriting  rules”  for  tilings of the triangular lattice

BA = AB + A’B’

B’A’ = AB
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“rewriting  rules”  for  tilings of the triangular lattice



BA = AB + A’B’
B’A’ = AB
B’ A = A B’
B A’ = A’ B

same as for  ASM , except  the rewriting rule
B’ A’         A’ B’    is forbidden

“rewriting  rules”  for  tilings of the triangular lattice



example:
plane

partitions
in a box

(MacMahon
formula)



Many examples of enumeration of tilings in a triangular lattice can be rewritten 
using these four operators  A, B, A’, B’

a simple  example: 
Prop. The number of plane partitions in a box  k x l x m  is the coefficient 
of  the  word 

  when  rewriting  the word 

according  to the rewriting rules

k       m        l                  k      

(A’)  A   B   (B’) 
k+l         m+k

 B     A  

BA        AB   or   A’B’
B’A’        AB

B A’        A’ B B’ A        A B’
question: 
proof of the MacMahon formula  (for q=1)  with this algebraic approach ?



Remark:
In order to get the parameter  q (number of boxes of the 3D 
diagram), one should consider “3D rewriting rules”, ot the type:

B
A

C
B’

A’
C’

this would lead to a  3D “cellular  ansatz”

Yang-Baxter  operators or equation is an example



Complements



local  RSK
and  geometric RSK 

(the geometric construction with  “light” and “shadow” for RSK
leads to a simple proof of the fact that RSK and the “local rules”

gives the same bijection)

For a more complete introduction to RSK and Fomin’s local rules, 
see on my web site (page “exposés”):
Robinson-Schensted-Knuth:  RSK1   (pdf, 9,1 Mo)
groupe de travail de combinatoire, Bordeaux, LaBRI, Février 2005
Robinson-Schensted-Knuth:  RSK2    (pdf,10,8Mo)
groupe de travail de combinatoire, Bordeaux, LaBRI, Février 2005
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another example 
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Temperley-Lieb  algebra
and

decorated  heaps  of  dimers



 “decorated  
heaps of 
dimers” 

in bijection
with FPL





From  
“decorated  
heaps of 

dimers” to 
element of 

the
Temperley-

Lieb algebra



An element of the TL algebra



product in the TL algebra









An element of  the basis of the Temperley-Lieb algebra



An element of  the basis of the Temperley-Lieb algebra



The same element of  the basis of the Temperley-Lieb algebra







“big dimers”  and  small  “dimers”



“contraction”
of

heap   of  dimers

May   be  it  can  be  useful  to  study  the  map  sending  FPL  on  
the  “decorated”  heaps  of  (small)  dimers.

Here are example of situtions with some bijections between 
heaps of “big” dimers and heaps of “small “dimers

(1 big dimer= 2 small dimers)



more details in the talk
A walk in the garden of  bijections  (pdf, 23,3 Mo)
(52th SLC, ViennotFest, Lucelle, Avril 2005
slides on my web site, page “exposés”.









Fibonacci 
polynomials





bijective
proof !



another example with directed animals on  the square lattice 
bijection:  Motzkin path, heap of big dimers, 

heap of small dimers, directed animal.
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The   end


