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The Matrix Ansatz

Derrida, Evans, Hakim, Pasc]uier (1993)



()'-)ew:.&a/ va} Ha-k\'m/ q?mﬁu.q,v- ('(‘H%)



j)ewlc(a/ é-vw) Hak(m/ ('\74470.3{,\( (49‘?3)

N malviex amwalz

VD E ma,'("‘r{,cu,
. N m%r/ \

e =

e

Yow/ veolibr TASEP

q=0
+D+ £

e>-ID\V> =\V>
(W (=& - = <w|

fen n
T %‘ (‘t;, -+, Tn :(W‘-[r <: D+ (4—-‘5.:)5)‘\/)



CILIL] lololo]
OO0 ™ 314 / \ e o OO

1/14 |‘|.|O| 2/14 2/14 . olo 1/14

OO \/7 |o|o|o| o ®|o \/ OO

|o|o|o|\Ko Ole
QO

1/14 1/14




TASEP
\\@@t’w@% Mua.mmefrcc_ ex Luwsion f?voc_w”

009 4 . 4
k <3 n. S, -
« > | [e[o] [e]e] (@ [®]'




(@ e=Ye
(3@ p=d

transitions de phase



d)ﬁ/7 X‘-:?,-:L
A
=3 =4T17‘ “"'V;—:-a\ a
E = A + AV AT
A-\ 4.—1 a
+
aa_qfa_x

Suaumot;) Wadat (2003)
X, (>; &,-’ .S”)

~Q



Combinatorics of the TASEP
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The "cellular Ansatz"

representation
ogthe

oPerators
E and D

PDE = EDa D
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The “cellular Ansatz”

"l:)lanar construction” of a bgection

Permutations «— alternative tableaux
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Laguerre histories

combinatorial theorg

of orthogonal Polgnomials

S bijection
Francon-XV 1978



Bésection Permulabtions n+l

Hisfocres de Laguerre (Yc , :ﬁ) n



Bi;ection ‘Permut'a,tions o |

Hisfocres de Laguerre (Y . {) n

C
Chemin de /
Motz kin

ng

INA

(mé}




Bi;ection ‘Permu\’a.t&ons oy |

Hisfocres de Laguerre (YC ) ‘-ﬁ) "

Chemin de \
?\'\'—:t vy 2 CDU\QU"S

nd Pa.\iefs
. (v S— ]
:

~ NN

(0,0) o

'
. -
.

.
.
.
.
.
.
. s e @



2¢ = 41 Permulations |

B = ‘&J—l
b';k- 4.*( ) ( \ n
-ﬁ_‘ ' oview
| 2;0. \\:.r;s :() Py )
§ . o o \ <?s\<v(‘” )
' choix

NN

(n, O) a




b
ARVA ) (w/’(‘ﬂ;vf’n ) — Tevmut‘afconj

do
laguenie. (va) )



= ; Gurom)

x o, > Vv ersd
4‘ ./‘ 1 A1 - 1.,
2 | +—e A 2 —_ A w2
3 (¢ | 2 | 2 v 4 Band
4 \ A 3 44 3,2
S \0 2 i A4 23S 2
€ | oo | 4 A 4 A€ . ,3S 72
7| &« | 4 | 4 LAE 7,357

w2 2N, | 2 | 2 446 . .783S52
[ e 446 A7 8352 = G

€S

A\




(tormal) orthogonal

Polgnomials



°OY‘\'\'\ ojcho.\ ‘?o\y homla.\s

e (TR0 Falx) €[x]
ov‘f\ncaow:& s.‘tt 3 ’@ s W) = <
losar  Fumebined
() e (Fo®) =n  (va20)
(ci) :g (”il’e) =0 for R 20
(¢ed) ;é CP{Q') %o {%r 420



%(x“) —] ‘L“ Crzo)

movaew!s

,ﬁ(?Q)ziT(")Q&}i‘/‘

mesuvre.



combinatorial interpre‘cation

o1C the moments



T\ . (Favaxa‘.)

= A qu/nea ° 0217 ALY -
A

?a\yn om'w.\.r &&(ﬁ): n

e {b‘ﬁs‘ﬁz:: v {)_&3‘{;‘ ooogg- \

ov\'\\o%onaﬂc\'a_
. @)= (- b>?(3)—

2 ‘/\
) L Vool WLV g
.~ LB P . J









£,(=")

momzvu\'fs

r‘n'-'Z v(~)

Mo["bkm
fPa

\wl=n



B f:lajolet

continued

fractions
1980

ortl*wogona!

Polgnomials

kectivesiiote
X.V. 1983

e Ry M, | SR e



Laguerre histories
and

Laguerre Polgnomials

The FV bijection
Francon-XV 1978



&Hgg (x- th@y ‘Xg ()

-\

el T =z—b,
v (o d)]
? by = 2442 Z_ag,urre
= &(k>d) ‘Polync‘m‘\a.\

" | f ) .
| 4e.26‘,4.zél |
-4 623>




La.ﬁ wervre /[

mowmen!™ }"'n - (v\;-:L) |

5& = 2%+7.
$ (£ + 4.)

>
A
|

(1)

)







/
&\W
P
n - L
(’h+43 (z)
[
a
 n
% = .
C:g (g:-d_
: Zi:L
"



2¢ = 41 Permulations |

B = ‘&J—l
b';k- 4.*( ) ( \ n
-ﬁ_‘ ' oview
| 2;0. \\:.r;s :() Py )
§ . o o \ <?s\<v(‘” )
' choix

NN

(n, O) a




- -




|

'C_’g-_ The \Abo»‘:\lov\o\x& ‘)%véwé\/(\'/\‘%‘ amocialed.
6t b <a(s,w)  (PASER)

; N )
AD !”!‘o@o._c(bf /d//b)g %q TE ? (T)o(’ﬂ'\' P.acr)

allernabive (abbamx
Pnc{'lz i

(-\') . Cowd wibhe ‘
\;Ec'r) R R
L(T) w of el [

permutation tableau

3. Covbteel | L. Wl oo
(2007) (2063) (Lo0q)



A

A




Gtal ordev
‘lL’/Z/ .-, n}

word

E= B-ni (’ .
iﬁw vo-g;é— mimiwmm  elamen;

- QO3 16 & s[AF




@(;‘r‘t 25_ mimiwam  elomenls
AL o~

- D@3 1 6 8 s@“}j’

o

R

Stanbs awelos ) Pl
Wa_ “’k b 6

Z .A 76 e ,‘(z,,,/f) (x-m—d.) / S
AoA / T4‘
# @ 3

xy(x+y)(xt1+y)...(x+n-2+y) ® 12,
-/




“q-analogue” 2 /N
of Laguerre 'z_/\N_ ~ |9\2_

histories 2 oéb/ s
(n,0
L 2

choices function i A

— 4 w2
12345678 o B Rnd
12212112 b4 uDi,2
01101001 44 23S 2

4 A€ . 352
q-Laguerre : q4 446 070352

446 . .78 352

446 A7 83S2 = o
€S

A\




/

| Z/i(%} “) § \3(/:)‘1 = [v&'L‘ +[&+i)p]a\

¢
["!}f‘],, =@+ 14_1’;‘2,_\_ “&4

o . LR
fo = ui*p“ *Z_'f"’&((ff‘* “»@l @u)

Qwu / :)—QJ) ua,ﬁ'-\/—o.}e: 3.
(?uwv-a, wea. @oo?)



quaclratic algcbra
oPerators
Aata structures

and

orthogonal Polgnomials



© Q)e/ra,‘:w Ny EYm LElves

H &3 oul I & W&\.Ue
S . upprem Levy I 4!'!6)"“05.[' Lon

ﬂeifau&w.
~ Ovovoiou (3 © * ® @ 1*5
" K v . < ~— .i,.v.v‘ul

Primitive operations
for “dictionnaries” data structure:
add or delete any elements, asking questions (with
positive or negative answer)



9, @»ef rabiona Y om LEiues

R ma‘ouf I 2 ?.\;th.

5 . M?rw» Lev)
v

number of choices for each
primitive operations



{D= A+ T_ [
e
£ = 3% X, !

this corresponds to the n!

“restricted Laguerre histories” b %@ +.
v *.

3 &@—-__..
P: ('&M) PQMLQ'J?’J
E :z;«.. ‘)M\(ow\
\ .
C-’Q\uk:uuu de éauw/u_t.)

S langes”

this valuation corresponds to the (n+1)!
“enlarged Laguerre histories”



priority queue

Polya urn












AS-SA =1




o
;o
.
.so,r
. it
Li
& =
a
)
1
)
4
(

' t‘e_.
Hev w

/

A

N\A

2

Hi



The cellular Ansatz

From quaclratic algebra &)
to combinatorial objects (Q—-tableaux)
and bﬂec’cions



The Robinson-Schensted correspondence between permutations and
pair of (standard) Young tableaux with the same shape
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staircase tableaux

Corteel, Wi”iams, 2009
Corteel) Stanleg) Stanton, Wi”iams, 2010
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relation with moments of Askey-Wilson polynomials

Corteel, Williams, 2009
Corteel, Stanley, Stanton, Williams, 2010
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"The cellular Ansatz" representation

comli)lpatorlal by operators
: objects
PhYSICS J : data structures
ona 2d lattice = "histories"
| bijections
"normal ordering" orthogonal
UD=DU+1d towers placements RSK polynomials
Weyl-Heisenberg p ermutations «<—> pairs of Tableaux Young
DE=qED+E+D tableaux alternatifs «—— permutations
PASEP Laguerre histories
Q-tableaux
. ex: ASM,
quadratlc al gebra Q (alternating sign matrices)
FPL(fully packed loops) ®
commutations tilings, 8-vertex
rewriting rules
planarisation planar Koszul algebras

automata duality
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pour plus de details
voIr les diaporamas du cours donn¢ a Talca:

Cours XGYV, Universidad de Talca
(December 2010 - January 2011)

Combinatorics and interactions (with physics) (24h)
«The Cellular Ansatz»

accessible sur les sites:

http://www.labri.fr/perso/viennot/

Recherche, cv, publications, exposé€s, diaporamas, livres, petite école, photos: voir ma page personnelle ici

Vulgarisation scientifique voir la page de 1'association Cont'Science

http://web.me.com/xgviennot/Xavier_Viennot/

http://web.me.com/xgviennot/Xavier_Viennot2/




Ch 0 Introduction
Cours XGV

Ch 1 Ordinary generating function, the Catalan garden Universidad de Talca

Chla (1/12/2010, 54 p.)
Ch 1b (7/12/2010, 81 p.)
Ch 1¢ (7/12/2010, 30 p.) algebraic complements in relation with physics (December 2010 - January 2011)

24 h
Combinatorics and interactions
(with physics)

«The Cellular Ansatz»

Ch 2 Exponential generating functions, permutations

Ch 2a (22/12/2010, 40 p.)
Ch 2b (4/01/2010, 63 p.)
Ch 2¢ (4/01/2010, 33 p.) Permutations: Laguerre histories

Ch 3 Permutations and Young tableaux,

the Robinson-Schensted correspondence (RSK)
Ch 3a (6/01/2011, 117 p.)
Ch 3b (6, 11/01/2011, 121 p.) RSK and operators

Ch 4 Alternative tableaux and the PASEP (partially asymmetric exclusion process)
Ch 4a (13/01/2011, 98p.)
Ch 4b (13,18/01/2011, 102 p.) alternative tableaux and the PASEP
Ch 4¢ (18/01/2011, 81 p.) complements

Ch 5 Combinatorial theory of orthogonal polynomials
(20/01/2011, 110 p.)

Ch 6 '"jeu de taquin" for binary trees, Catalan tableaux and the TASEP
Ch 6a (24/01/2011, 98 p.)
Ch 6b (24/01/2011, 111 p.) alternative tableaux and increasing/alternative binary trees
Ch 6¢ (24/01/2011, 21 p.) Catalan tableaux and the Loday-Ronco algebra

Ch 7 The cellular Ansatz
Ch 7a (25/01/2011, 117 p.)
Ch 7b (25/01/2011, 49 p.) complements



FASEP Matrie Snsatz:. FPASEER & gebra AT

"normal orclering" stationarg Probabi ities

Permutation tableaux  TASEP BﬂCCtiO” CAli bl

The “exc:hange—-icusion” algorithm

_' r CPreseﬂ’tatiOﬂ e The "cellular Ansatz”

PV bﬂec’tion formal OP Laguerre Polgnomials

' 5 Parameters data structures

cellular Ansatz 43) ASM R~S 8-vertex algebra
| genera! BEASTER A-W integral Askeg tableau

staircase tableaux



