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example 1:  permutations
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Planar  automata

example 2: Genocchi  numbers 





Angelo  Genocchi
1817 - 1889











example 3:
alternating  sign matrices   (ASM)

Planar  automata
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alternating  sign  matrices  (ex-) conjecture
Mills, Robbins, Rumsey  (1982)
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other  examples
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a tiling 
on the

 square lattice



2
n(n-1)/2

Elkies,
Kuperberg,

Larsen,
Propp
(1992)





The  Robinson-Schensted  correspondence  (RSK) 



«Figures»
accepted  by  planar automata  ?







relation  with  quadratic  algebras



 
Heisenberg
operators

U, D

UD = DU + I
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“planarisation”  of  the  “rewriting  rules”U
D ID
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UD = qDU + I
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quadratic  algebra  for
alternating  sign matrices   (ASM)



Alternating
sign

matrices

ASM









complete    Q-tableaux



for  every





(idea)





p

p



(idea)



Q-tableaux







Q-tableaux:
examples



Weyl-Heisenberg   algebra
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permutation  as  a complete  Q- tableau  



permutation  as  a  Q- tableau  



another  Q-tableau:
Rothe  diagram   of  a   permutation



equivalence  
Q-tableaux  --  planar  automaton  





The   8-vertex   algebra
(or  XYZ - algebra)

(or   Z - algebra)





alternating  sign matrices   (ASM)
(as  a  Q-tableau)
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rhombus  tilings
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coding of the edges  
for  tilings 

of the triangular lattice

3 type of tiles

border of a tile

inside a tile
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“rewriting  rules”  for  tilings of the triangular lattice

BA = AB + AʼBʼ

BʼAʼ = AB
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B Aʼ = Aʼ B

“rewriting  rules”  for  tilings of the triangular lattice



BA = AB + AʼBʼ
BʼAʼ =          AB
Bʼ A = A Bʼ
B Aʼ = Aʼ B

same as for  ASM , except  the rewriting rule
Bʼ Aʼ         Aʼ Bʼ    is forbidden

“rewriting  rules”  for  tilings of the triangular lattice













example:
plane

partitions
in a box

(MacMahon
formula)





Aztec   tilings
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Elkies,
Kuperberg,

Larsen,
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random
Aztec
tilings



the
«artic
circle»

theorem



geometric   interpretation  
of  

XYZ-tableaux





The
6-vertex
model



The
6-vertex
model



Razumov - Stroganov  (ex)- conjecture  2000-2001
on   quantum  spin  chains   XXZ

proof  by :
 L. Cantini  and  A.Sportiello  ( 2010)
completely  combinatorial  proof







non-intersecting  paths



example:  binomial  determinant







The  PASEP  algebra

DE  = qED + E +D
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alternative  tableaux









alternative  tableau

Ferrers  diagram
(= Young  diagram)



alternative  tableau



n = 12

alternative  tableau



rows
columns

blue
red

w  =  D D E D E E D E profile
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PASEP -tableaux:
complete tableaux
alternative tableaux



DE = qED + E + D
PASEP   algebra



E

D

D

E

E

E

complete
alternative  tableau





alternative  tableau



reverse  quadratic  algebra
reverse  planar  automata

















reverse  Q-tableaux
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tree-like  tableau
with  u  and  v
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M. Josuat-Vergès  (2007)

combinatorial  interpretations  of  the
stationary   probabilities for  the  PASEP



rewriting   planar  automata
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accepted  by  planar automata  ?









conclusion
problems
more  ....







Physics

UD = DU + Id
Weyl-Heisenberg

commutations
rewriting  rules

combinatorial
objects 

on a  2d  lattice

representation
by  operators

towers  placements
permutations

tableaux alternatifs

bijections

Q-tableaux
ex: ASM, 

(alternating sign matrices)
FPL(fully  packed  loops)

tilings, 8-vertex

planar
automata

pairs of Tableaux Young
permutations
Laguerre histories

data  structures
"histories"

quadratic  algebra  Q

orthogonal  
polynomials

?

RSK

DE = qED + E + D
PASEP

"normal ordering"

planarisation

"The  cellular  Ansatz"

Koszul  algebras
duality
J.L.Loday



March 1,  IMSc
"Combinatorial  operators  and  quadratic  algebras"
(RSK  and  PASEP)

March 2,  IIT  Madras
"The  combinatorics  of  some  exclusion  models  
in   physics"    (PASEP)



Thank  you  !
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